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Abstract 
By using the coincidence degree theory due to Mawhin and constructing the suitable operators, the existence of 
solutions for boundary value problems of fractional differential equations at resonance is obtained. An example is 
given to illustrate our result. 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [name organizer] 
Keywords: Fredholm operator; fractional derivative; fractional integral; boundary value problem; resonance 2000 MR subject 
classification 34B10, 34B15 
1   Introduction 
Fractional differential equations arise in a variety of different areas such as rheology, fluid flows, 
electrical networks, viscoelasticity, chemical physics, etc. (see [1]-[2] and references cited therein). 
Recently, boundary value problems of fractional differential equations have been studied by many authors 
(see[3]-[5] and references cited therein). 
Motivated by the results of [3-8], in this paper, we investigate the existence of solutions for the 
fractional differential equation at resonance: 
     (1.1) 
         (1.2) 
where satisfies  condition, 
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In this paper, we will always suppose the following conditions hold. 
 satisfies  condition, that is f(. ,u) is measurable for 
each fixed  is continuous for a.e.  , and for each r > 0, there exists 
 such that  for all . 
2   Preliminaries 
For the convenience, we introduce some notations and a theorem. For more detail see [9]. 
Let X and Y be real Banach spaces and let L : domL X Y be a Fredholm operator with index zero, 
 be projectors such that 
It follows that 
is invertible. We denote the inverse by KP . 
If  is an open bounded subset of X, the map N : X Y will be called L-compact 
on  if  is bounded and  is compact. 
Theorem 2.1 [9]. Let be a Fredholm operator of index zero and N : X  Y 
L-compact on . Assume that the following conditions are satisfied:  
(1) for every ; 
(2) ; 
(3) , where Q : Y Y is a projection such that 
.
Then the equation Lx = Nx has at least one solution in . 
The following definitions and lemma can be found in [1], [2]. 
Definition 2.1. The fractional integral of order  > 0 of a function  is given by 
       (2.1) 
provided the right-hand side is pointwise defined on .
Definition 2.2. The fractional derivative of order  > 0 of a function  is given by 
(2.2)
provided the right-hand side is pointwise defined on ,where .
Lemma 2.1. Assume  > 0: 
(1) for a.e. ,where . 
(2) if and only if  for some 
 Weihua Jiang et al. /  Physics Procedia  25 ( 2012 )  965 – 972 967
 where . 
Take X = C[0, 1] with norm   with norm 
with  
where  be defined as 
Then problem (1.1), (1.2) is Lu = Nu.
3. Main results 
In order to obtain our main result, we firstly present and prove the following lemmas. 
Lemma 3.1. Suppose (H1) holds, then L : domL X Y is a Fredholm operator of index zero and the 
linear continuous projector Q : Y Y can be defined as 
        (3.1) 
and the linear operator  can be written by  
       (3.2) 
Proof: It is easy to get that  
Define linear projector P : X X by  
It is clear that 
    (3.3) 
We will show that  
        (3.4) 
In fact, if ,there exists  such that .So, we have 
.
By , we get that y satisfies  
     (3.5) 
On the other hand, if  satisfies (3.5), take  
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It follows from for  and  that 
.Obviously, .So, . 
Define the operator Q : Y  Y as follows: 
.
It is clear that .For  , we can easily get that 
 is a projector. Set .Then,
.It is easy to get that .So, we have 
 . This, together with (3.3), means that L is a Fredholm operator of index zero. 
Define operator KP :  as follows 
We will prove that KP is the inverse of . 
It is clear that .On the other hand, if , then then u(0) = 
u(1) = 0. By Lemma 2.1, we have 
It follows from  that  So, 
.The proof is completed. 
Lemma 3.2. Assume is an open bounded subset and ,then N is L-compact 
on   
Proof. By (H2), we can get that  and  are bounded. Now we will show 
that  is compact. 
It follows from (H2) and Lebesgue Dominated Convergence theorem that 
 is continuous. By (H2), there exists a constant M > 0 such that 
.For  ,  , we have  
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Since  and are uniformly continuous on [0,1], we can get that  is 
equicontinuous. It follows from Ascoli-Arzela theorem that is compact. 
The prove is completed. 
To obtain our main result, we need the following conditions. 
 where  and g(t) are nondecreasing on [0,1], 
 and   
(H4) For there exists a constant r > 0 such that if ,  then 
.
(H5) There exists a constant c0 > 0 such that for either  
(1)  
or 
(2) is satisfied. 
Lemma 3.3. Suppose (H1)-(H4) hold, then the set 
 is bounded.
Proof. Take  and  By (3.4), we have 
.
It follows from (H4) that there exists a constant such that  Since 
, u(0) = 0, we have  
Considering ,we get So, we have  
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By (H3), we get  So, is bounded. 
Lemma 3.4. Suppose (H1), (H2) and (H5) hold, then the set  
is bounded. 
Proof. For  there exists a constant  such that  and 
. By (3.4), we have 
By (H5), we get that ,So, is bounded. 
Lemma 3.5. Suppose (H1),(H2) and the first part of (H5) hold. The set 
is bounded, where  is a linear isomorphism given by 
Proof. For  , we have 
If  = 1, then c = 0: If  = 0, by (H5), we get that .For 0 < < 1, if  by 
the first part of (H5), we get that  
A contradiction. So, is bounded. 
Remark 3.1. If (H1), (H2) and the second part of (H5) hold. Take 
Similarly, we can prove that is bounded. 
The following theorem is our main result. 
Theorem 3.1. Suppose (H1) (H5) hold. Then the problem (1:1) (1:2) has at least one solution in 
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X.
Proof. Let  be a bounded open subset of X. It follows from Lemma 3.2 that N is 
L compact on . By Lemma 3.3 and Lemma 3.4, we 
have  
(1)  for every  
(2) for every ;We need only to prove: 
(3)  
Take  
According to Lemma 3.5, we know  for . By the 
homotopy of degree, we get that 
By Theorem 2.1, we can get that Lu = Nu has at least one solution in  
has at least one solution in X. The prove is completed. 
4   Example 
Let’s consider the following boundary value problem 
             (4.1) 
             (4.2) 
where  
Corresponding to the problem (1.1)-(1.2), we have that and 
By simple calculation, we can get that (H1)-(H4) and the first part of (H5) hold. 
By Theorem 3.1, we obtain that problem (4.1)-(4.2) has at least one solution. 
972   Weihua Jiang et al. /  Physics Procedia  25 ( 2012 )  965 – 972 
Acknowledgment 
This work is supported by the Natural Science Foundation of China (10875094)(60874003), the 
Foundation of Hebei Education Department (2008153) and the Foundation of Hebei University of 
Science and Technology (XL200814) 
References 
[1]K. S. Miller,B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, Wiley, New York, 
1993. 
[2]Igor Podlubny, Fractional Differential Equations, Academic Press, New York, Londen, 1999. 
[3]R. P. Agarwal, D. O’Regan, S. Stanek, Positive solutions for Dirichlet problems of singular nonlinear fractional differential
equations, J. Math. Anal. Appl. 371(2010) 57-68. 
[4]Z. Bai, On positive properties of a nonlocal fractional boundary value problem, Nonlinear Anal.72 (2010) 916-924. 
[5]Hussein A. H. Salem, On the fractional order m-point boundary value problem in reflexive Banach spaces and weak 
topologies, J.Comput.Appl.math. 224(2009)565- 572. 
[6]C. Xue, W. Ge, The existence of solutions for multi-point boundary value problem at resonance, ACTA Mathematica Sinica, 
48(2005) 281-290. 
[7]Z. Du, X. Lin, W. Ge, Some higher-order multi-point boundary value problem at resonance, J. Comput. Appl. Math. 
177(2005), 55-65. 
[8]W. Feng, J. R. L. Webb, Solvability of m-point boundary value problems with nonlinear growth, J. Math. Anal. Appl. 
212(1997), 467-480. 
[9]J. Mawhin, Topological degree methods in nonlinear boundary value problems, in:NSFCBMS Regional Conference Series in 
Mathematics,American Mathematical Society, Providence, RI, 1979. 
